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Abstract
In this work, we de.ne and study the Wigner–Bessel transform and prove for this transform an inversion formula. Next,
we use this transform to de.ne the Weyl–Bessel transform W; where  is a symbol in Sm; m∈R. Using harmonic analysis
associated with the Bessel operator, we study criteria in terms of the symbols  for the boundedness and compactness of
the Weyl–Bessel transform W: c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 44A15; 42A38
Keywords: Bessel operator; Fourier–Bessel transform; Wigner–Bessel transform; Symbol; Weyl–Bessel transform
0. Introduction
In his book [9] Wong studies the properties of pseudodi=erential operators arising in quantum
mechanics, .rst envisaged by Hermann Weyl in [8], as bounded linear operators on L2(Rn) (the
space of square-integrable functions on Rn with respect to the Lebesgue measure). For this reason
Wong calls the operators treated in his book Weyl transforms.
Using the harmonic analysis associated with the Bessel operator (generalized translation operators,
generalized convolution, Fourier–Bessel transform, etc.) and the same idea as for the classical case,
we de.ne and study in this paper the Weyl transforms associated with the Bessel operator which we
call Weyl–Bessel transforms. Next, we give criteria in terms of the symbols in Lr(d
⊗d
); 16r6+
∞; (the space of rth integrable functions on [0;+∞[× [0;+∞[ with respect to the measure d
 ⊗
d
 = (xy)2+1=(2(+ 1))2 dx dy) for the boundedness and compacteness of these transforms. To
obtain these results we .rst de.ne and study the Wigner–Bessel transform and we prove for this
transform an inversion formula.
The contents of this paper are as follows. In Section 1, we recall basic results about Fourier–Bessel
analysis. In Section 2, we de.ne the Wigner–Bessel transform, give some of its properties, and prove
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an inversion formula for this transform. We de.ne in Section 3, the Weyl–Bessel transform W with
 a symbol in the class Sm; m∈R. We prove that W is a compact operator from L2(d
) into itself
when  belongs to S?(R2+) (the space of all in.nitely di=erentiable functions on R2, even with
respect to each variable and rapidly decreasing together with all its partial derivatives). In Section 4,
we consider W for  in Lr(d
⊗ d
); 16r62; and we prove that W is also a compact operator.
In the last section, we prove that there exists a function  in Lr(d
 ⊗ d
); r ¿ 2; such that the
Weyl–Bessel transform W is not a bounded linear operator on L2(d
):
1. Preliminaries
In this section, we recall some basic results of the harmonic analysis related to the Fourier–Bessel
transform. More details can be found in [1,5–7]. We .rst begin with some notations.
Notations. We denote by
• ; the Bessel di=erential operator on ]0;+∞[ given by
 =
d2
dx2
+
(2+ 1)
x
d
dx
; ¿ − 1=2: (1)
• S?(R+); the space of even C∞-functions on R such that
∀p; q∈N; Np;q(f) = sup
x¿0
∣∣∣∣(1 + x)p
(
d
dx
)q
f(x)
∣∣∣∣ ¡ +∞: (2)
This norm is equivalent to the norm
N ′p;q(f) = sup
x¿0
|(1 + x)pqf(x)|¡ +∞; (3)
where  is the Bessel operator.
• d
(x) = x
2+1
2(+ 1)
dx;
where ¿ − 1=2 and dx denote the Lebesgue measure.
• Lp(d
); 16p6+∞, the space of measurable functions f on [0;+∞[ such that
‖f‖p; =
[∫ +∞
0
|f(x)|p d
(x)
]1=p
¡ +∞ if 16p¡+∞; (4)
‖f‖∞ = ess sup
x¿0
|f(x)|¡ +∞: (5)
• For ¿0; x¿0;
j(x) =
{
2(+ 1)(x)−J(x) if x 
= 0;
1 if x = 0;
(6)
where J is the Bessel function of .rst kind and index . The function x → j(x) is the unique
solution of the di=erential equation
u=−2u; u(0) = 1; u′(0) = 0: (7)
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• FB(f) the Fourier–Bessel transform of a regular function f on [0;+∞[. It is de.ned by
∀¿0; FB(f)() =
∫ +∞
0
f(x)j(x) d
(x): (8)
• Tx; x¿0; the generalized translation operators, de.ned for smooth functions on [0;+∞[ by
Txf(y) =
(+ 1)√
(+ 1=2)
∫ 
0
f(
√
x2 + y2 − 2xy cos )(sin )2 d: (9)
• f∗Bg; the generalized convolution product of smooth functions f and g; de.ned by
∀x¿0; f∗Bg(x) =
∫ +∞
0
Txf(y)g(y) d
(y): (10)
• S?(R2+), the space of restriction to [0;+∞[ × [0;+∞[ of all in.nitely di=erentiable functions g
on R2; even with respect to each variable, such that for all k; l; m; n∈N
Pm;nk; l (g) = sup
x¿0;y¿0
∣∣∣∣(1 + x)k(1 + y)l
(
@
@x
)m ( @
@y
)n
g(x; y)
∣∣∣∣ ¡ +∞: (11)
• Lr(d
⊗ d
); 16r6+∞; the space of measurable functions f on [0;+∞[× [0;+∞[ such that
‖f‖r; ⊗ =
[ ∫ +∞
0
∫ +∞
0
|f(x; y)|r d
(x) d
(y)
]1=r
¡ +∞ for 16r ¡ +∞;
‖f‖∞; ⊗ = ess sup
x;y¿0
|f(x; y)|: (12)
• S′?(R2+); the space of continuous linear functional on S?(R2+):
From [1, p. 210]; [2, p. 102]; [3]; [5, p. 90]; [6], we deduce the following results.
Property.
(i) We have
∀¿0; ∀x¿0; |j(x)|61: (13)
(ii) For all k ∈N; we have
∀x¿0; ∀¿0;
∣∣∣∣∣ d
k
dxk
j(x)
∣∣∣∣∣6||k : (14)
(iii) Let f be in Lp(d
); 16p6 +∞: Then for all x¿0; the function Txf belongs to Lp(d
)
and we have
‖Txf‖p;6‖f‖p;: (15)
(iv) For all f; g in S?(R+), we have
∀x¿0; ∀y¿0; Txf(y) = Tyf(x); (16)
∀x¿0;
∫ +∞
0
Txf(y)g(y) d
(y) =
∫ +∞
0
f(y)Txg(y) d
(y); (17)
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∀x¿0;
∫ +∞
0
Txf(y) d
(y) =
∫ +∞
0
f(y) d
(y); (18)
∀¿0; FB(f)() =−2FB(f)(); (19)
∀x¿0; ∀¿0; FB(Txf)() = j(x)FB(f)(); (20)
(Txf) = Tx(f); (21)
;x(Txf) = Tx(f): (22)
(v) FB is a topological isomorphism from S?(R+) onto itself.
(vi) ∀x¿0; f → Tx(f) is continuous on S?(R+) and for any k; l∈N there exist r; s∈N and
C¿ 0 such that
Nk;l(Txf)6Cxr
s∑
i=0
r∑
j=0
Ni; j(f): (23)
(vii) For all f; g in S?(R+) the mapping (y; x)→ f(y)Txg(y) belongs to S?(R2+):
(viii) For p; q; r ∈ [1;+∞] such that 1=p+ 1=q− 1 = 1=r we have
‖f∗Bg‖r; 6‖f‖p;‖g‖q;: (24)
(ix) Let p∈ ]1; 2] and q=p=(p− 1): For all f in Lp(d
);FB(f) belongs to Lq(d
) and we have
‖FB(f)‖q;6Ap‖f‖p; with Ap = [p1=p=q1=q]+1: (25)
Proposition 1.1. Let f and g be two even continuous functions on R such that suppf⊂ [ −
a; a]; a¿0 and supp g⊂ [ − b; b]; b¿0: Then (f∗B g) is an even continuous function on R such
that supp(f∗B g)⊂ [− (a+ b); a+ b]:
Theorem 1.2. (i) For every f; g in (L1 ∩ L2)(d
) we have the Plancherel formula∫ +∞
0
f(x)g(x) d
(x) =
∫ +∞
0
FB(f)()FB(g)() d
():
(ii) The Fourier–Bessel transform FB extends uniquely to an unitary isomorphism from L2(d
)
into itself; the inverse transform is given by F−1B =FB.
2. Wigner–Bessel transform
De!nition 2.1. The Wigner–Bessel transform V is de.ned on S?(R+)×S?(R+) by
∀x¿0; ∀¿0; V (f; g)(x; ) =
∫ +∞
0
j(y)f(y)Txg(y) d
(y): (26)
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Remark 2.2. Relation (26) can be written also in the following two forms:
V (f; g)(x; ) =FB(f:Txg)() (27)
= g ∗B (j(:)f)(x): (28)
Proposition 2.3. (i) The transform V is a bilinear mapping from S?(R+)×S?(R+) into S?(R2+).
(ii) For p∈ ]1; 2] and q such that 1=p+ 1=q= 1; we have
‖V (f; g)‖q;⊗6Ap‖f‖p;‖g‖q;; (29)
where Ap is given by formula (25). The transform V can be extended to a continuous bilinear
operator; denoted also by V; from Lp(d
)× Lq(d
) into Lq(d
 ⊗ d
).
Proof. (i) The function G(y; x) = f(y)Txg(y) belongs to S?(R2+). But we have
V (f; g) = (FB ⊗ I)(G);
where I is the transformation identity from S?(R+) into itself. We deduce the result from the fact
that FB ⊗ I is a mapping from S?(R2+) into itself.
(ii) We use formula (27), the inequality (25) and Minkowski’s inequality for integrals (see [4, p.
186]).
Proposition 2.4. For all f; g in S?(R+); V (f; g) satis4es the following inequalities:
(i) For p; q∈ [1;+∞] such that 1=p+ 1=q= 1 we have
‖V (f; g)‖∞; ⊗6‖g‖p;‖f‖q;: (30)
(ii) For p; q; r ∈ [1;+∞] such that 1=p + 1=q − 1 = 1=r and ¿0; the function x → V (f; g)(x; )
belongs to Lr(d
) and we have
‖V (f; g)(:; )‖r; 6‖f‖p;‖g‖q;: (31)
Proof. We deduce the results from relations (13), (24) and (28).
Theorem 2.5. Let f and g be in S?(R+). Then; we have
∀.¿0; ∀t¿0; FB ⊗FB[V (f; g)](.; t) = f(t)j(.t)FB(g)(.):
Proof. Using De.nition 2.1, we have
FB ⊗FB[V (f; g)](.; t) =
∫ +∞
0
∫ +∞
0
V (f; g)(x; )j(t)j(.x) d
(x) d
()
=
∫ +∞
0
∫ +∞
0
FB(Gx)()j(t)j(.x) d
() d
(x);
where Gx = f:Txg.
From Fubini’s Theorem, Theorem 1.2(ii), and formula (20) we have
FB ⊗FB[V (f; g)](.; t) =
∫ +∞
0
Gx(t)j(.x) d
(x) = f(t)j(.t)FB(g)(.):
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Corollary 2.6. Let f and g be in S?(R+). We have the following relations:∫ +∞
0
FB ⊗FB[V (f; g)](.; t) d
(t) =FB(f)(.)FB(g)(.): (32)
∫ +∞
0
FB ⊗FB[V (f; g)](.; t) d
(.) = f(t)g(t): (33)
Proof. We deduce these relations from Theorem 2.5, Fubini’s Theorem and Theorem 1.2.
Theorem 2.7. Let g be in (L1 ∩ L2)(d
) such that c =
∫ +∞
0 g(x) d
(x); c 
= 0. Then for all f in
(L1 ∩ L2)(d
); we have
FB(f)() =
1
c
∫ +∞
0
V (f; g)(x; ) d
(x): (34)
Proof. Using De.nition 2.1, Fubini’s Theorem and formula (18) we have∫ +∞
0
V (f; g)(x; ) d
(x) =
∫ +∞
0
j(y)
[∫ +∞
0
Tyg(x) d
(x)
]
f(y) d
(y)
=
[∫ +∞
0
g(x) d
(x)
]
FB(f)() = cFB(f)();
where c =
∫ +∞
0 g(x) d
(x).
Corollary 2.8. Under the hypothesis of Theorem 2:7; and if moreover FB(f) belongs to L1(d
);
then we have the inversion formula for the Wigner–Bessel transform V:
∀z¿0; f(z) = 1
c
∫ +∞
0
j(z)
[∫ +∞
0
V (f; g)(x; ) d
(x)
]
d
(): (35)
Example 2.9. The function g(x)=e−x
2
satis.es hypothesis of Theorem 2.7, and in this case we have
c = 1=2+1 and FB(g)() = 1=2+1e−
2=4:
3. Weyl–Bessel transform
We introduce in this section, the Weyl–Bessel transform, explicate its connection with the Wigner–
Bessel transform, and we give some of its properties.
First, we give de.nition of a class of symbols Sm. We denote by I = [0;+∞[:
De!nition 3.1. The function (x; ) restriction to I×I of in.nitely di=erentiable functions on R2 and
even with respect to each variable, belongs to the class Sm i= for all r; s∈N; there exists Cr;s;m ¿ 0
such that∣∣∣∣
(
@
@x
)r ( @
@
)s
(x; )
∣∣∣∣6Cr;s;m(1 + ||)m−s: (36)
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De!nition 3.2. For all  in Sm; m∈R, we de.ne the bilinear operator H on S?(R+) ×S?(R+)
by
∀z¿0; H(f; g)(z) =
∫ +∞
0
∫ +∞
0
(x; )j(z)V (f; g)(x; ) d
(x) d
(); (37)
where V is the Wigner–Bessel transform.
Remark 3.3. For z = 0 we denote by H(f; g) = H(f; g)(0).
Proposition 3.4. Let (x; ) =−2. Then for all f and g in S?(R+); we have
∀z¿0; H(f; g)(z) = c(f)(z);
where c =
∫ +∞
0 g(x) d
(x) and  is the Bessel operator.
Proof. We use formulas (18), (19) and De.nitions 3.2 and 2.1.
De!nition 3.5. Let  be in Sm; m∈R; m¡ − 2( + 1). We de.ne the Weyl–Bessel transform W
on S?(R+) by
∀x¿0; W(f)(x) =
∫ +∞
0
∫ +∞
0
j(x)(y; )Tx(f)(y) d
(y) d
(): (38)
Theorem 3.6. Let  be in S?(R2+). Then W is continuous from S?(R+) into itself.
Proof. From Fubini’s Theorem, we have
∀x¿0; W(f)(x) =
∫ +∞
0
j(x)
[∫ +∞
0
(y; )Txf(y) d
(y)
]
d
():
Let
U (x; ) =
∫ +∞
0
(y; )Txf(y) d
(y):
The function x → Txf(y) belongs to S?(R+) and then U is in S?(R2+). Thus for all n; k; l∈N;
there exist Cn;k; l¿0; r and s in N such that
∀x¿0; ∀¿0; (1 + )l(1 + x)n
∣∣∣∣∣ d
k
dxk
U (x; )
∣∣∣∣∣6Cn;k; lNr; s(f);
where Nr;s is given by formula (2). Using relation (14), we deduce that W(f) belongs to S?(R+)
and W is continuous on S?(R+).
Lemma 3.7. Let  be in S?(R2+). The function k de4ned on I × I by
k(x; y) =
∫ +∞
0
j(x)Tx[(:; )](y) d
() (39)
270 A. Dachraoui / Journal of Computational and Applied Mathematics 133 (2001) 263–276
satis4es the following:
(i) for all q∈ [1;+∞[ and s∈N such that s¿ (+ 1)=q there exists Ms;q ¿ 0 such that
∀x¿0;
∫ +∞
0
|k(x; y)|q d
(y)6 Ms;q(1 + x2)sq ;
(ii) the function k belongs to Lq(d
 ⊗ d
); q∈ [1;+∞[.
Proof. Let q∈ [1;+∞[; r; s∈N such that s¿ (+1)=q and r ¿+1. Using formula (7), we have
(1 + x2)sk(x; y) =
∫ +∞
0
(I − ;)sj(x)Tx((:; ))(y) d
()
=
∫ +∞
0
j(x)Tx[(1 + 2)r(I − ;)s(:; )](y) d
()(1 + 2)r :
Using HKolder’s inequality, and formula (15), we deduce that there exists Ms;q ¿ 0 such that
(1 + x2)sq
∫ +∞
0
|k(x; y)|q d
(y)6Ms;q:
Thus ∫ +∞
0
∫ +∞
0
|k(x; y)|q d
(y) d
(x)6Ms;q
∫ +∞
0
d
(x)
(1 + x2)sq
¡ +∞:
Theorem 3.8. Let  be in S?(R2+); then we have:
(i) For all f∈S?(R+);
∀x¿0; W(f)(x) =
∫ +∞
0
k(x; y)f(y) d
(y); (40)
where k is de4ned by formula (39).
(ii) Let q∈ [1;+∞[ and p be such that 1=p+ 1=q= 1. Then; for all f in S?(R+) we have
‖W(f)‖q;6‖k‖q;⊗‖f‖p;: (41)
(iii) The operator W can be extended to a linear continuous operator; denoted also by W; from
Lp(d
) into Lq(d
). In particular; W : L2(d
) → L2(d
) is a Hilbert–Schmidt operator.
Furthermore; W is a compact operator in L2(d
).
Proof. We deduce these results from Lemma 3.7.
Theorem 3.9. Let  be in Sm; m∈R; m¡ − 2(+ 1). Then for all f; g in S?(R+) we have
H(f; g) = ¡W(g); Lf〉; (42)
where 〈:; :〉 is the inner product in L2(d
).
Proof. Let f and g be in S?(R+). Using De.nitions 2.1, 3.1, 3.2, formula (18) and Fubini Tonnelli’s
Theorem, we deduce that there exists a positive constant C such that
|H(f; g)|6C‖g‖1; ‖f‖1; :
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So from Fubini’s Theorem, we have
H(f; g) =
∫ +∞
0
f(y)
[∫ +∞
0
∫ +∞
0
(x; )j(y)Tx(g)(y) d
(x) d
()
]
d
(y)
= 〈W(g); Lf〉:
4. Weyl–Bessel transforms with symbols in Lr(d
); 16r62
In this section, we prove that the second member of formula (42) allows us to de.ne a bounded
linear operator Q on Lr(d
 ⊗ d
), 16r62, and that the Weyl–Bessel transform with symbol in
Lr(d
 ⊗ d
), 16r62, is compact.
Notations. We denote by
• B(L2(d
)) the C?-algebra of all bounded linear operators 6 from L2(d
) into itself.
• ‖6‖? = sup‖f‖2; =1 ‖6(f)‖2; .
Theorem 4.1. There exists a unique bounded linear operator
Q : L2(d
 ⊗ d
)→ B(L2(d
))
such that for all f; g in L2(d
)
〈(Q)(g); Lf〉=
∫ +∞
0
∫ +∞
0
(x; )V (f; g)(x; ) d
(x) d
() (43)
and
‖Q‖?6‖‖2; ⊗: (44)
Proof. We de.ne the operator Q on S?(R2+) by
∀g∈S?(R+); (Q)(g) = (W)(g): (45)
Then by Theorem 3.9, and De.nition 3.2 for all f in S?(R+), we have
〈(Q)(g); Lf〉= 〈W(g); Lf〉=
∫ +∞
0
∫ +∞
0
(x; )V (f; g)(x; ) d
(x) d
(): (46)
Using Proposition 2.3, we have
|〈(Q)(g); Lf〉|6‖‖2; ⊗‖V (f; g)‖2; ⊗6‖‖2; ⊗‖f‖2; ‖g‖2; :
So we deduce that for all  in S?(R2+)
‖Q‖?6‖‖2; ⊗: (47)
Now, let ∈L2(d
 ⊗ d
), and {k}k¿1 a sequence of functions in S?(R2+) such that k →  in
L2(d
⊗ d
) as k → +∞. Then by formula (47), {Qk}k is a Cauchy sequence in B(L2(d
)). We
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de.ne Q to be the limit in B(L2(d
)) of the sequence {Qk}k¿1. Again by relation (47), this limit
is independent of the choice of {k}k¿1 and
‖Q‖? = limk→+∞ ‖Qk‖?6 limk→+∞ ‖k‖2; ⊗ = ‖‖2; ⊗: (48)
On the other hand, for all f; g in S?(R+), we have
〈(Q)(g); Lf〉= lim
k→+∞
〈(Qk)(g); Lf〉
=
∫ +∞
0
∫ +∞
0
(x; )V (f; g)(x; ) d
(x) d
():
Finally, let f; g be in L2(d
). Then there exist sequences {fk}k¿1 and {gk}k¿1 in S?(R+) such
that fk → f and gk → g in L2(d
) as k → +∞ and we have
〈(Q)(g); Lf〉= lim
k→+∞
〈(Q)(gk); Lfk〉
=
∫ +∞
0
∫ +∞
0
(x; )V (f; g)(x; ) d
(x) d
():
The following result is an extension of Theorem 4.1 and is essential for the proof that the Weyl–
Bessel transform with symbol in Lr(d
 ⊗ d
), 16r62, is compact.
Theorem 4.2. For r ∈ [1; 2]; there exists a unique bounded linear operator
Q : Lr(d
 ⊗ d
)→ B(L2(d
))
such that for all f; g in S?(R+)
〈(Q)g; Lf〉=
∫ +∞
0
∫ +∞
0
(x; )V (f; g)(x; ) d
(x) d
()
and
‖Q‖?6‖‖r; ⊗:
Proof. We begin .rst by noting that for r = 2, Theorem 4.2 is just Theorem 4.1. We consider the
operator Q de.ned by the relation (45). By applying HKolder’s inequality to the relation (46), and
using relation (30), we obtain
|〈(Q)(g); Lf〉|6 ‖‖1; ⊗‖V (f; g)‖∞; ⊗
6 ‖‖1; ⊗‖f‖2; ‖g‖2; :
Hence for all ∈S?(R2+).
‖Q‖?6‖‖1; ⊗:
Using the same proof as of Theorem 4.1, we obtain for all ∈L1(d
 ⊗ d
)
‖Q‖?6‖‖1; ⊗: (49)
By relations (48), (49) and the Riesz–Thorin Theorem (see [4, p. 193]), we deduce that for all
∈Lr(d
 ⊗ d
)
‖Q‖?6‖‖r; ⊗ (50)
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and for all f; g in S?(R+)
〈(Q)(g); Lf〉=
∫ +∞
0
∫ +∞
0
(x; )V (f; g)(x; ) d
(x) d
():
Remark 4.3. It is natural to denote Q by W for any  in Lr(d
 ⊗ d
), 16r62.
Theorem 4.4. Let  be in Lr(d
 ⊗ d
); 16r62. Then
W : L2(d
)→ L2(d
)
is a compact operator.
Proof. Let  in Lr(d
⊗ d
), 16r62, and {k}k¿1 a sequence of functions in S?(R2+) such that
k →  in Lr(d
⊗d
) as k → +∞. Then using Theorem 3.8; Wk : L2(d
)→ L2(d
) is compact,
for all k ∈N. Thus by formula (50) and Remark 4.3, W is the limit in B(L2(d
)) of the sequence
{Wk}k¿1. Thus W : L2(d
)→ L2(d
) is compact.
5. Weyl–Bessel transforms with symbols in S′?(R2+)
De!nition 5.1. Let  be in S′?(R2+) and g in S?(R+). We de.ne the linear functional W(g) on
S?(R+) by
[W(g)](f) = (V (f; g)); f∈S?(R+); (51)
where V is the Wigner–Bessel transform given in De.nition 2.1.
Proposition 5.2. We consider the symbol  ≡ 1 in S′?(R2+). For g in S?(R+); we have W(g)=c7;
where c =
∫ +∞
0 g(x) d
(x); and 7 is the Dirac distribution.
Proof. For f; g in S?(R+) and formula (35)
[W(g)](f) = (V (f; g)) =
∫ +∞
0
∫ +∞
0
V (f; g)(x; ) d
(x) d
() = cf(0);
where c =
∫ +∞
0 g(x) d
(x).
Remark 5.3. From Proposition 5.2, we deduce that there exists  in L∞(d
 ⊗ d
) for which for
all function g in S?(R+) such that c =
∫ +∞
0 g(x) d
(x) 
= 0, [W](g) is not a function in L2(d
).
6. Weyl–Bessel transform with symbol in Lr(d
 ⊗ d
); 2¡r¡ +∞
Theorem 6.1. For 2¡r¡ +∞; there exists a function  in Lr(d
 ⊗ d
) such that the Weyl–
Bessel transform W de4ned by (51) is not a bounded linear operator on L2(d
).
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To prove Theorem 6.1, we need some preparations.
Lemma 6.2. Suppose that for all  in Lr(d
 ⊗ d
); 2¡r¡ +∞; the Weyl–Bessel transform
W de4ned by (51) is a bounded linear operator on L2(d
). Then there exists a positive constant
C such that
‖W‖?6C‖‖r; ⊗: (52)
Proof. Suppose that for all  in Lr(d
 ⊗ d
), there exists a positive constant C such that
‖W(f)‖2; 6C‖f‖2;  for all f∈L2(d
): (53)
Let f and g be functions in S?(R+) such that ‖f‖2;  = ‖g‖2;  = 1. Consider the bounded linear
functional
Qf;g : Lr(d
 ⊗ d
)→ C
de.ned by
Qf;g() = 〈W(g); Lf〉: (54)
Then by formulas (53) and (54), we have
sup
‖f‖2;=‖g‖2;=1
|Qf:g()|6C: (55)
Thus, by (55) and the Banach Steinhauss Theorem, there exists a positive constant C such that for
all f; g in S?(R+) with ‖f‖2;  = ‖g‖2;  = 1, we have
‖Qf:g‖?6C (56)
and for all f; g in S?(R+) with ‖f‖2;  = ‖g‖2;  = 1
sup
‖‖r;⊗=1
|〈W(g); f〉|6C:
So by (56)
|〈W(g); Lf〉|6C‖‖r; ⊗‖f‖2; ‖g‖2; :
Thus
‖W‖?6C‖‖r; ⊗:
Lemma 6.3. For 2¡r¡ +∞; there is no positive constant C such that inequality (52) is valid.
Proof. Suppose that there exists a positive constant C such that (52) is valid. Then by formulas
(51) and (52) we have for ∈Lr(d
 ⊗ d
); f; g∈S?(R+) and r′ such that 1=r + 1=r′ = 1
‖V (f; g)‖r′ ; ⊗ = sup‖‖r; ⊗=1
∣∣∣∣
∫ +∞
0
∫ +∞
0
(x; )V (f; g)(x; ) d
(x) d
()
∣∣∣∣
= sup
‖‖r; ⊗=1
|〈W(g); Lf〉|
6 sup
‖‖r; ⊗=1
‖W(g)‖2; ‖f‖2; :
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So
‖V (f; g)‖r′ ; ⊗6C‖g‖2; ‖f‖2; : (57)
Let f and g be in L2(d
) and {fk}k¿1 and {gk}k¿1 be sequences of functions in S?(R+) such
that fk → f and gk → g in L2(d
) as k → +∞. Using the bilinearity of V and formula (57), we
deduce that {V (fk; gk)}k¿1 is a Cauchy sequence in Lr′(d
 ⊗ d
) and its limit in Lr′(d
 ⊗ d
)
is equal to V (f; g): Furthermore, for all f; g in L2(d
)
‖V (f; g)‖r′ ; ⊗6C‖f‖2; ‖g‖2; :
Now, let f be, an even function on R, in L2(d
) such that its support is included in [− 1; 1]. We
have by De.nition 2.1 and formula (13)
|V (f;f)(x; )|6|f|∗B |f|(x);
where ∗B is the generalized convolution de.ned by (10).
From Proposition 1.1, the support of x → V (f;f)(x; ) is included in [ − 2; 2], for all ¿0: So
we have
∫ +∞
0
∣∣∣∣∣
∫ 2
0
V (f;f)(x; ) d
(x)
∣∣∣∣∣
r′
d
()


1=r′
6
[∫ 2
0
d
(x)
]1=r [∫ +∞
0
∫ +∞
0
|V (f;f)(x; )|r′ d
() d
(x)
]1=r′
¡+∞:
Thus
→
∫ +∞
0
V (f;f)(x; ) d
(x)
belongs to Lr
′
(d
):
On the other hand, using Theorem 2.7, we have∫ +∞
0
V (f;f)(x; ) d
(x) = cFB(f)();
where c =
∫ +∞
0 f(x) d
(x): So we deduce that, →FB(f)(), belongs to Lr
′
(d
); 1¡r′¡ 2:
Now, we consider f de.ned by
f(x) =
{ |x|2(k−−1) if x∈ [− 1; 1];
0 elsewhere;
(58)
where k ∈R such that k ¿ (+ 1)=2.
The function f belongs to L2(d
); and we shall prove that FB(f) does not belongs to Lr
′
(d
)
so inequality (52) is not valid.
We have
FB(f)() =
∫ 1
0
x2(k−−1)j(x) d
(x) =
1
2k
∫ 
0
u2(k−−1)j(u) d
(u):
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Using asymptotic formula for j(u) (see [7, pp. 40, 199]), we deduce that there is a positive constant
A such that for ||¿R, we have
|FB(f)()|¿ 12k A:
Then ∫ +∞
0
|FB(f)()|r′d
()¿Ar′
∫ +∞
R
d
()
2kr′
=+∞
if k ¡ (+ 1)=r′.
Therefore, the inequality
‖V (f;f)‖r′ ; ⊗6C‖f‖22; 
is impossible if we pick k to be some number in the interval]
+ 1
2
; inf
(
+ 1
r′
;
1
2
(
+
3
2
))[
:
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